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We construct finite and infinite Chevalley tensor products of L,-graded von 
Neumann algebras equipped with faithful, normal, even traces, and give a simple 
derivation of the Fermion Duality Transformation of Segal [I]. % 1988 Academic 
Press, Inc. 
INTRODUCTION 
Non-commutative integration theories in which the integral is replaced 
by a state on a von Neumann algebra have been most extensively 
developed when the state is tracial. In this case there are far reaching 
analogies with the duality theory of Lp-spaces, Radon-Nikodym theorems 
[2], and many other features of classical integration theory. 
In this paper we are concerned with analogs of the product masure con- 
struction, and in particular with non-commutative product L*-spaces. We 
consider Z,-graded von Neumann algebras equipped with faithful, normal, 
even traces. As pointed out by Davies [3], as well as the usual tensor 
product for such von Neumann algebras, in which elements of the two con- 
stituents are embedded in the product so as to commute with each other, 
there is a “&graded” tensor product in which odd elements anti-commute 
rather than commute with each other. This latter product is our concern 
here. It is essentially the Hz-graded algebra tensor product of Chevalley 
[4]. We shall show that there is a unique faithful, normal, “product trace” 
on the product algebra, for which the associated non-commutative L2- 
space is the Hilbert space tensor product of the corresponding spaces of the 
constituents. We extend this product construction to the case of infinitely 
many constituents, based on the partial infinite tensor product of Hilbert 
spaces. As an application we give a simple derivation of the Fermionic 
duality transform. 
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1. FINITE PRODUCTS 
A Hilbert space H is Z,-graded by decomposing it into the direct sum 
H = H + 0 H- of even and odd sub-Hilbert spaces H + and H _ . Let P be 
the parity operator in H associated with this &-grading, that is the self- 
adjoint unity operator P = E, - E_ , where E, , E._ are the projections 
onto H + and H ~, respectively. Let 6E be a von Neumann Algebra acting 
in the Z,-graded Hilbert space H. Suppose that the map 8: A -+ PAP is an 
automorphism of ol. Then we may decompose an operator A E a, into a 
sumA=A++A~ofeuenandoddparts,A+=t(A+BA),A_=~(A-BA). 
The von Neumann algebra ol is then Z,-graded in the sense of Chevalley 
[4], or a I%‘:-algebra in the sense of Davies [3]. Let H,, H, be two Z,- 
graded Hilbert spaces, and let 6X,, 6E2 be two Z,-graded von Neumann 
algebras acting in H,, HZ, respectively. The Z,-grading of the algebras is 
compatible with that of the Hilbert spaces in which they act. We Z,-grade 
the Hilbert space tensor product H, 0 H, of two Z,-graded Hilbert spaces 
by means of the product operator P = P, @P, of the two parity operators. 
Let A1~GL,, ACED!, have even and odd components A,+, A,-, A2+, 
AZ-, respectively. We detine an operator A, 6 A, E B( H, @ Hz) by [S] 
A, 63 A,=A,oA,++A,P,w-, (1) 
where B@ C is the usual Hilbert space product operator. Then P, 6 P, = 
P, @ P,, so that the product Z,-grading on H, @ H, can be used to Z,- 
grade the algebra generated by such product operators. Given A, CE 6X,, 
B, D E a,, xi E H,, x2 E H, all of definite parity, we obtain from (1) that 
A 6 B(x, @x2) = ( -l)E(B)E(X’)A~I @ Bx,, (2) 
where E is 0 on even and 1 on odd elements (in particular, A 6 Z= A 0 I), 
giving the multiplication rule, 
(A 6 B)(C 6 D) = ( -l)E(B)E(C)AC 6 BD, (3) 
as is verified by a simple but tedious computation of the action of both 
sides on product vectors. In this way we realise the abstract Chevalley 
tensor product algebra [4 J, as the algebra a, of operators on H, @I HZ, 
consisting of finite linear combinations of these product operators. In fact 
a0 is a *-algebra since 
(A @ B)* = ( -l)E(B)E(A)A* 6 B*. (4) 
We define the von Neumann algebra generated by 12, to be the uon 
Neumann-Chevalley product algebra of 12, and a2 and denote it by 
ol=ol,&&. 
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We extend the von Neumann-Chevalley product algebras to finitely 
many von Neumann algebras in the natural way; the product rule (3) 
becomes 
(A, &.&AA,)(B, ~...~BB,)=(-l),.,~~.,,E(A~)E(B~)A,B, &.GAA,B, 
(5) 
and the adjunction rule (4) becomes 
(A,~...~AA,)*=(-l),.~,:,,,E’A”E’A,’AI*~...~ A,* (6) 
LEMMA 1. Let a, be a weakly dense sub-algebra of a von Neumann 
algebra 12 acting in a Hilbert space H. Let a be a unit vector in H such that 
the vector state z( .) = (52, .Q) of a satisfies the tracial condition 
z(AB) = T(BA), for all A, BE a,. Then this condition holds for all A, BE a. 
Proof Let x E 12, y E M,. x is the weak limit of a sequence x(“) in a,, 
I= (Q,xyQ)=lim(SZ,x’“‘yQ)=lim(y*Q,x’”’Q) 
= ( y*l2, XQ) = z( yx). 
Now let x, y E 6E. Then y = lim y’“‘, y’“’ E 6X0, 
r(xy) = (Sz, xyQ) = lim(x*SZ, y’“‘Q) 
n 
= lim(SZ, y’“‘xQ) (by the above) 
n 
= (rn, yxQ) = T(YX). 
A von Neumann-Chevalley triple (H, 6X, 52) comprises a Z,-graded 
Hilbert space H, a von Neumann algebra 6X invariant under conjugation 
by the parity operator, and a cyclic, separating, even, tracial vector Q. We 
note that the trace 7 associated with Sz will be even in the sense that 
t(A) = 0 whenever A is odd. 
THEOREM 1. Let (H,, ol,, Q,)(H,, 6X2, Q,) be von Neumann-Chevalley 
triples. Then (H, a, Q) is a von Neumann-Chevalley triple, where H= 
H,@H,, ol=a, @ a2, G’=Q,@Q,. 
Proof Q=Q, @D2= P,Q,@ P,Q2= PG? Thus D is even. For 
T(.)= (Q,.Q) we have 
t(A &I B) = (Q, OQ2, A 6 B(52, OQ,)) 
= (Q, @l-l,, AD, 6 BQ,) 
= (Q,, AQ,)(Qz, Bfi,) 
= TICA) t,(B) for all A ~a,, BE~E*. (7) 
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Let A,, B,E~,, A,, B,E&?~ all be of definite parity, 
?([A) 6 AzlCB, 6 &I) 
=(-1) E’B1)E’A2’~(A, B, 6 A,B,) 
= (-1)C’BI)C’AZ) 7,(A, B,) 7,(A,B,) 
=(-1) E’BI)e’AZ)tl(B1 A,) z,(B,A,) 
= (-1)C’BI)E’A2l $B,A, 6 &A,) 
= (_~)Cc’BIII:‘Az)+E’AI)C’B2)1 
7C(B, 6 &)(A, @ AdI. (8) 
The evenness of zl, 72 means that the above will be zero unless both the 
products A, B,, A,B, are even. So when both sides of (8) are not zero, we 
have &(A,) = &(Bl), E(A~) = E(B*). Thus ( -l)E(B’)E(A2)+E’A1)E(B2) reduces to 
( -l)2E’AI)E(AZ) = 1. Thus 7 is tracial on the *-algebra GE,, of product 
operators. Lemma 1 gives the required extension of traciality to a. 
The cyclicity of !2 is straightforward. We now needed to show that D is 
seperating. Let A ~a. Suppose AQ =O. Then, for A,, B, E&Z,, A,, 
B, E ol,, all of definite parity, 
0 = ((A, 6 Az)(Bl 6 B,P, AQ> 
= (Q, (B, 6 B*)*(A, 6 A,)*AQ) 
= (Q, (A, @ Al)* A(B, 6 BJ*i-J) (by the above) 
= (-)OI)E’&) ((A, 6 A,&‘, A(B: 6 B:)Q) 
=(-1)E’BI)F’B2)(A,52,~A2~;22, A(BfT2,@B;Q,)). 
Product vectors are total, thus A = 0, and Q is separating. 
We define an inner product on G5 by (X, Y) = r(X* Y), X, YE a. We 
complete with respect to this inner product and denote the completion by 
L2(& 5). Then the isometric map AI 8 A,+A,@A,, AI~tZI, A,EGL,, 
extends to give an isomorphism between L*(GE, 7) and L*(a,, 71) @ 
L2W,, T2). 
2. INFINITE PRODUCTS 
Let (H,, any Q,),, N be von Neumann-Chevalley triples. We denote by 
H= OneN (“n)H the partial tensor product [6] of these Hilbert spaces 
with respect to tie “stabalizing sequence” (O,),, N. Thus H contains the 
unit vector Q = @ nE N Q,, and is the closed span of elementary product 
vectors of the form Q,, Yy, where all but finitely many Y,, = Q,. The 
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map 0, !P” + 0, P, !P” extends to a unique self-adjoint unitary P on 
H which we use to z,-grate H. Clearly 52 is even. We consider the 
von Neumann algebra 62 generated by all product operators 
A, @...G A,@@ m, n Z, where n E N, Aj E oli, j = 1, . . . . n. 
LEMMA 2. P=lim,P’“‘, where P(“)=P,@ . ..@P.@@,,,,I, and the 
limit is in the strong topology. 
Proof: If !P = an Y,, is an elementary product vector it is clear that 
P’“‘!P--+ P!K Since PCfiJ and P are isometric the result now follows by an 
~13 argument. 
COROLLARY 1. PQIPc6E. 
Proof: Let 6X, be the weakly dense sub-algebra of G? consisting of finite 
linear combinations of elementary product operators. It is clear that 
P(“)AP(“) c 6Z0 for all A E a,. From this we deduce that PAPS a,, for all 
A E 6E0. Since the map A -+ PAP is strongly continuous we deduce that 
PAP z ol, for all A E a. 
The action of an elementary product operator on an elementary product 
vector is 
=(-l)‘.? E(‘f’j)E(A,)’ IC,C,C,i A,!P’,@ . . . @A Y @ @ n n $2 
> 
m 3 
??l>?l 
where Yi (1 ,< i < n) and A, (1 6 j < n) are all of definite parity. 
THEOREM 2. Sz is tracial, cyclic, and separating. 
Proof: Let~~3A=A,~...~AA,0Q,,,I. 
r(A) = (Q, AQ) = nT=, rk(Ak), where rk is the tracial state on A,. Let 
a, 3 B =B, 6-g B,@@ k, n Z, let A E 6X, be as above, and suppose 
that A 1, . . . . A,, B,, . . . . B, are all of definite parity. We may assume below 
without loss of generality that n = m. Then, 
$AB)=z C-11 ,~,~,hnE(A,)EIB,)AIB1 &-& A,B,@ @ 
( 
I 
m’n 
> 
= (-1) ,I‘:,s”&(AJ&(Bf) n kv, r,dAkBk). 
Similarly, 
s(BA) = (-1) ,,&.E(E’)E(A~) fi TJA~B~). 
k=l 
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Due to the evenness of the rk’s both z(M) and r(M) will be zero unless 
the products Ak B, (1 d k d n) are all even. Thus when z is non-zero 
&(Ak) = &(Bk). This gives that 
Thus r is a tracial state on the *-algebra 6X,, of product operators. 
Lemma 1 gives the required extension of traciality to 65. Q is clearly cyclic 
for d. 
Let C E a. Suppose that CQ = 0. Then for elementary product operators, 
A, 6-6 A,,,@@ ,,,Z, ll,b...&B,,@~@~,~I, with A ,,..., A,,,, 
B,, . . . . B, all of definite parity where we may again assume with out loss of 
generality that n = m, we have 
= (-1) ,&"(EJ&(Q 
(( 
A, 6&h A,@@ Z Q, 
/>n 1 
C 
( 
B:&.&BB,*@@I Q 
j>n 1) 
= (-1) ,,&-.@J@‘) 
i( 
A,Q,@ ... OA,Q,O @ Qj , 
J’n > 
C B,Q,Q 
( 
.‘. OB,Q,Q @ Qj 
J’n >> 
Product vectors are total in H, thus C = 0, and Q is separating, 
We define (H, CII, 52) to be the product von Neumann-Chevalley triple of 
the (fL a,, QnLN. 
As in Section 1 we may complete 6X with respect to the inner product 
(.I’, Y) = t(X* Y), X, YE a, and denote this completion by L’(G?, r). The 
isometry 
A,&.GA& @ Z+A,@...@A,@ @ l2, 
m>n m>n 
extends to give a unique isomorphism between L2(@ r) and 
0 ntN “n’L*(a,, z,). 
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5. THE FERMION DUALITY TRANSFORMATION 
If 6E is a von Neumann algebra acting in a Hilbert space H and 52 a unit 
vector in H such that 
(a) D is cyclic and separating for a, 
(b) T: z(A) = (Q, AQ), A E CII is tracial, 
then, the map A + AS2 is isometric and extends to give a unique 
isomorphism between L*(&, z) and H. 
An isomorphism of this type gives rise to the Fermion Duality Transfor- 
mation [ 11, which is the Fermion analog of the well-known identification 
of the L*-space of Wiener measure with a Boson Fock space. The Fermion 
Duality Transformation shows that Fermion Fock space r-(H), over a 
Hilbert space H, equipped with a conjugation k can be regarded as a non- 
commutative L*-space, L*(bE,, z), where 6Xk is the von Neumann sub- 
algebra of B(E (H)) generated by the set {a(J) + a+(kf): f E H}, where 
a(f), a+(f), f~ H, are the Fermion annihilation and creation operators. 
The faithful trace T is defined on 6Ek by z( .) = (Q, .Q), where 0 is the 
vacuum vector in r_ (H). 
We prove that the vacuum state is tracial by exhibiting it as an anti- 
commuting product state of vacuum states for one degree of freedom which 
are shown to be trivially tracial. 
We first consider this simple case. Here H = C and k is complex con- 
jugation. Fermion Fock space K(H) is the Z,-graded space @ 0 @, and 
for ZEC, a(z)+at(j)=.+7[y A]. Thus the a(z)+a+(i), ZEC, generate the 
commutative von Neumann algebra &! of all 2 x 2 matrices of the form 
[ 5 ~1, z, w E C. Thus all states on it will automatically be tracial. In par- 
ticular the vacuum vector QO = (A), which is clearly cyclic and separating 
for ol, gives rise to a faithful even trace z given by z( .) = (Q,, .Q,). 
Now let H be a separable Hilbert space equipped with a conjugation k. 
We Z,-grade r-(H) by taking the even and odd subspaces to be the sub- 
spaces of vectors whose n particle components vanish for n odd and 
even, respectively. Corresponding to each direct sum decomposition 
H= H, OH, of H there is a unique tensor product decomposition 
r- (H) = r- (H, ) @ f _ _ (H,) of the corresponding Fermion Fock spaces, 
in which, for each f = (f,, f2) E H, a(fl, .f,) = a(f,) @ I+ I6 a(fi) and 
the vacuum vector in r_(H) is the product vector of the vacuum vectors in 
r-(H,), r-(H*) c51. 
More generally, given an infinite direct sum decomposition 
H = @ ,“=, H,, we may decompose f ~ (H) into the partial tensor product 
T-(H)= @,“=I ~ (nn)r (H,,), of component Fock spaces corresponding to 
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the stabilizing sequence of vacuum vectors in such a way that for 
f = (f,, f2,...) E H with only finitely many non-zero components, 
We now pick a maximal orthonormal set in H belonging to the “real” sub- 
space of vectors in H invariant under k. Correspondingly we decompose H 
into a direct sum H = @,, C in such a way that k is the direct sum of 
copies of the usual complex conjugation in C. Thus we obtain 
T-(H)= on (“O)C’ with vacuum vector Q = 0, Q,. Let 6E:k be the 
von Neumann algebra generated by the set {a(f) + at(kf ): f E H}. 
THEOREM 3. (a,, T-(H), Q) is the product von Neumann-Chevalley 
triple Qf copies of (A, C2, a,). 
Proof. Since the map f -+ a(f) is continuous, I%, is generated by the 
a(.f) + u+(kf) for which f E H has only finitely many non-zero components, 
say, f = (z,, . . . . L,, - 0, . ..) relative to the chosen orthonormal basis. For 
such j; 
a(f)+a+(kf)= i Z&db [a(zj)+a+(Fj)]O @ I. 
,=I m>J 
From this it is clear that, ail, = a,,“=, (n0)A. The theorem now follows 
from Theorem 2. 
COROLLARY 2. The vacuum vector s2 is cyclic, separating, and tracial for 
a/C. 
COROLLARY 3. The map 61k 3 A -+ ASZ extends uniquely to an isometry 
from L2(61k, r) to T-(H). 
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